
Logistics

u Peer reviews are due tomorrow before midnight. Use UNM learn to 
submit.

u Today Analysis of Variance

u Next Tuesday Cross Validation and Wrap Up
u Next Thursday – Final Exam Review (May 2nd)

u May 7th – Final Exam (Material from second half of class)

u Assignment 4 will be a regular homework covering ANOVAs.
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Analysis of Variance (Part 1)
MATTHEW FRICKE

1.0 – SEND CORRECTIONS TO MFRICKE@UNM.EDU
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Introduction

We have seen that most experiments involve studying the effect of one or 
more factors on a response variable.

The factors can be qualitative or quantitative. 
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Introduction

We have seen that most experiments involve studying the effect of one or 
more factors on a response variable.

The factors can be qualitative or quantitative. 

If we want to understand the relative impact multiple factors have on the 
response we can use Analysis of Variation (ANOVAs).
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Introduction

The goal of ANOVAs is to identify important independent variables and 
rank their importance.

The idea is based on measuring the variability and applying various 
statistical identities to define a test statistic for the affect factors have on 
the response variable.

The test statistic (like others you have seen) is defined so that we can get a 
p-value from a lookup table. This allows us to say what factors have a 
significant affect on the response variable. 
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Introduction

The goal of ANOVAs is to identify important independent variables and 
rank their importance.

The idea is based on measuring the variability and applying various 
statistical identities to define a test statistic for the affect factors have on 
the response variable.

The test statistic (like others you have seen) is defined so that we can get a 
p-value from a lookup table. This allows us to say what factors have a 
significant affect on the response variable. 

This test statistic if called F. 
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The procedure

First recall that the variability of a set of measurements is proportional to the 
sum of squares of deviations from the mean:

nX

i=1

(yi � ȳ)2

<latexit sha1_base64="UL5BzD4O61fG8Rlek6gnXiN3hbM=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoC0tSBd0IRTcuK9gHNGmYTCft0JlJmJkIIXThxl9x40IRt36EO//GaZuFth64cDjnXu69J4gpkcq2v43Cyura+kZxs7S1vbO7Z+4ftGWUCIRbKKKR6AZQYko4bimiKO7GAkMWUNwJxjdTv/OAhSQRv1dpjD0Gh5yEBEGlJd8suzJhfkaunEmfV1OfnLoBFFk6OenXfbNi1+wZrGXi5KQCcjR988sdRChhmCtEoZQ9x46Vl0GhCKJ4UnITiWOIxnCIe5pyyLD0stkTE+tYKwMrjIQurqyZ+nsig0zKlAW6k0E1koveVPzP6yUqvPQywuNEYY7mi8KEWiqypolYAyIwUjTVBCJB9K0WGkEBkdK5lXQIzuLLy6RdrzlntfrdeaVxncdRBGVwBKrAARegAW5BE7QAAo/gGbyCN+PJeDHejY95a8HIZw7BHxifPxUgl7k=</latexit>

This is how we calculated the sample variance.
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The procedure

The ANOVA partitions the total sum of squares (TSS) into parts. Each of these 
parts is attributed to a particular independent variable (factor) in the 
experiment. 

Where SSE is the sum of square errors (recall from linear regression lecture).

TSS =
nX

i=1

(yi � ȳ)2 = factor1 + · · ·+ factork + SSE
<latexit sha1_base64="0/bIh6PjTEnz5/rU/t99kl/Bj1k="></latexit>
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The procedure

Let’s think about the null hypothesis that there is no relationship. 

When the factors have no relationship to the response each of the factor contributions 
to the sum each estimate the variance of the response. 

Dividing each term by a constant means TSS is a good 
estimate of the variance of the response.

TSS =
nX

i=1

(yi � ȳ)2 = factor1 + · · ·+ factork + SSE
<latexit sha1_base64="0/bIh6PjTEnz5/rU/t99kl/Bj1k="></latexit>
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The procedure

If one of the factors is related to the response then the contribution of its variance 
estimate to TSS will be inflated.

TSS =
nX

i=1

(yi � ȳ)2 = factor1 + · · ·+ factork + SSE
<latexit sha1_base64="0/bIh6PjTEnz5/rU/t99kl/Bj1k="></latexit>

The contribution of a factor to the total sum of squares is called the “factor’s sum of 
squares”.
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The procedure

If one of the factors is related to the response then the contribution of its variance 
estimate to TSS will be inflated.

TSS =
nX

i=1

(yi � ȳ)2 = factor1 + · · ·+ factork + SSE
<latexit sha1_base64="0/bIh6PjTEnz5/rU/t99kl/Bj1k="></latexit>

The contribution of a factor to the total sum of squares is called the “factor’s sum of 
squares”.
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The procedure

So now we have the basis for a test statistic. 

We will compare the expected sum of squares for each factor to the actual factors 
sum of squares and define a probability of seeing the combination if the null 
hypothesis is true.

TSS =
nX

i=1

(yi � ȳ)2 = factor1 + · · ·+ factork + SSE
<latexit sha1_base64="0/bIh6PjTEnz5/rU/t99kl/Bj1k="></latexit>
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The procedure – an example

Consider the special case where we have two equal samples of size n1 and n2 where:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>
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The procedure – an example

Consider the special case where we have two equal samples of size n1 and n2 where:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

TSS =
2X

i=1

n1X

j=1

(yij � ȳ)2

<latexit sha1_base64="eoIwk6lR/mWDBMl1kXXIB2Z7+xI="></latexit>

Where            is the jth observation in the ith sample and        is the mean over all n1 + n2 samples. yij
<latexit sha1_base64="DQ+T9KK/Ix9KROB8ZGgJii1s6yM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2zbZps8mSZIVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvZv7nSeqNJPi0aQx9SM8EixkBBsrtdNBxiazQbniVt0F0DrxclKBHM1B+as/lCSJqDCEY617nhsbP8PKMMLprNRPNI0xmeIR7VkqcES1ny2unaELqwxRKJUtYdBC/T2R4UjrNApsZ4TNWK96c/E/r5eY8MbPmIgTQwVZLgoTjoxE89fRkClKDE8twUQxeysiY6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhCYwDO8wpsjnRfn3flYthacfOYU/sD5/AHv/Y9d</latexit>

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>
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The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

Where            is the jth observation in the ith sample and        is the mean over all n1 + n2 samples. yij
<latexit sha1_base64="DQ+T9KK/Ix9KROB8ZGgJii1s6yM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2zbZps8mSZIVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvZv7nSeqNJPi0aQx9SM8EixkBBsrtdNBxiazQbniVt0F0DrxclKBHM1B+as/lCSJqDCEY617nhsbP8PKMMLprNRPNI0xmeIR7VkqcES1ny2unaELqwxRKJUtYdBC/T2R4UjrNApsZ4TNWK96c/E/r5eY8MbPmIgTQwVZLgoTjoxE89fRkClKDE8twUQxeysiY6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhCYwDO8wpsjnRfn3flYthacfOYU/sD5/AHv/Y9d</latexit>

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>

TSS =
2X

i=1

n1X

j=1

(yij � ȳ)2

= n1

2X

i=1

(ȳi � ȳ)2

+
2X

i=1

2X

j=1

(yij � ȳi)
2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>



16
The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

Where            is the jth observation in the ith sample and        is the mean over all n1 + n2 samples. yij
<latexit sha1_base64="DQ+T9KK/Ix9KROB8ZGgJii1s6yM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2zbZps8mSZIVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvZv7nSeqNJPi0aQx9SM8EixkBBsrtdNBxiazQbniVt0F0DrxclKBHM1B+as/lCSJqDCEY617nhsbP8PKMMLprNRPNI0xmeIR7VkqcES1ny2unaELqwxRKJUtYdBC/T2R4UjrNApsZ4TNWK96c/E/r5eY8MbPmIgTQwVZLgoTjoxE89fRkClKDE8twUQxeysiY6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhCYwDO8wpsjnRfn3flYthacfOYU/sD5/AHv/Y9d</latexit>

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>

TSS =
2X

i=1

n1X

j=1

(yij � ȳ)2

= n1

2X

i=1

(ȳi � ȳ)2

+
2X

i=1

2X

j=1

(yij � ȳi)
2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.
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The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

Where            is the jth observation in the ith sample and        is the mean over all n1 + n2 samples. yij
<latexit sha1_base64="DQ+T9KK/Ix9KROB8ZGgJii1s6yM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2zbZps8mSZIVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvZv7nSeqNJPi0aQx9SM8EixkBBsrtdNBxiazQbniVt0F0DrxclKBHM1B+as/lCSJqDCEY617nhsbP8PKMMLprNRPNI0xmeIR7VkqcES1ny2unaELqwxRKJUtYdBC/T2R4UjrNApsZ4TNWK96c/E/r5eY8MbPmIgTQwVZLgoTjoxE89fRkClKDE8twUQxeysiY6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhCYwDO8wpsjnRfn3flYthacfOYU/sD5/AHv/Y9d</latexit>

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>

TSS =
2X

i=1

n1X

j=1

(yij � ȳ)2

= n1

2X

i=1

(ȳi � ȳ)2

+
2X

i=1

2X

j=1

(yij � ȳi)
2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.

Sum of squares error (SSE)
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The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

Notice that the SST increases as the means of the two samples diverge and SSE decreases. 

TSS =
2X

i=1

n1X

j=1

(yij � ȳ)2

= n1

2X

i=1

(ȳi � ȳ)2
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2X

i=1

2X

j=1

(yij � ȳi)
2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.

Sum of squares error (SSE)
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The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

Notice that the SST increases as the means of the two samples diverge and SSE decreases. 

TSS =
2X

i=1
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j=1

(yij � ȳ)2

= n1

2X

i=1

(ȳi � ȳ)2
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2X

i=1
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(yij � ȳi)
2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.

Sum of squares error (SSE)
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The procedure – an example

Now we partition the Total Sum of Squares:

n1 = n2
<latexit sha1_base64="F6OafGIK7Cg49bqGKjgAp0lYsZE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbQib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upv57SdUmify0YxT9GM6kDzijBortWXg3cigFpQrbtWdg6wSLycVyNEIyl+9fsKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/87qZia79CZdpZlCyxaIoE8QkZPY76XOFzIixJZQpbm8lbEgVZcYmVLIheMsvr5JWrepdVGsPl5X6bR5HEU7gFM7Bgyuowz00oAkMRvAMr/DmpM6L8+58LFoLTj5zDH/gfP4AdmaO/g==</latexit>

µ1 = µ2
<latexit sha1_base64="ttiyqa1+fAJJjm5cxpfFvD00kUY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0I1QdOOygn3AdCiZNNOGJpMhuSOUoZ/hxoUibv0ad/6NmXYW2nog4XDOvdx7T5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5C73u09MG67iR5gmLJBkFPOIUwJW8vsyHXg3+d8YVGtu3Z0DrxKvIDVUoDWofvWHiqaSxUAFMcb33ASCjGjgVLBZpZ8alhA6ISPmWxoTyUyQzVee4TOrDHGktH0x4Ln6uyMj0pipDG2lJDA2y14u/uf5KUTXQcbjJAUW08WgKBUYFM7vx0OuGQUxtYRQze2umI6JJhRsShUbgrd88irpNOreRb3xcFlr3hZxlNEJOkXnyENXqInuUQu1EUUKPaNX9OaA8+K8Ox+L0pJT9ByjP3A+fwCNv5DG</latexit>

�2
1 = �2

2
<latexit sha1_base64="iURe9RHXXXNU4SFGJjA6N7WTBp0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuQkWwVVJqqAboejGZQV7gTaGyXTSDp2ZhJmJUELBV3HjQhG3Poc738ZpG0Rbfxj4+M85nDN/mDCqtOt+WYWl5ZXVteJ6aWNza3vH3t1rqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUOryf11gORisbiTo8S4nPUFzSiGGljBfZBV9E+R/fVwLv8wWpgl92KO5WzCF4OZchVD+zPbi/GKSdCY4aU6nhuov0MSU0xI+NSN1UkQXiI+qRjUCBOlJ9Nzx87x8bpOVEszRPambq/JzLElRrx0HRypAdqvjYx/6t1Uh1d+BkVSaqJwLNFUcocHTuTLJwelQRrNjKAsKTmVgcPkERYm8RKJgRv/suL0KxWvNNK9fasXLvK4yjCIRzBCXhwDjW4gTo0AEMGT/ACr9aj9Wy9We+z1oKVz+zDH1kf3/xDlNk=</latexit>

So the larger SST is the greater the evidence for rejecting H0.
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2

<latexit sha1_base64="piB62/VBEiUa5j57TsYNBdCxnM0="></latexit>

Sum of Squares for the treatment
(SST). i.e. sum of all the factor
contributions.

Sum of squares error (SSE)
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The procedure – an example

How much evidence does this value provide?

So the larger SST is the greater the evidence for rejecting H0.
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The procedure

How much evidence does this value provide?

So the larger SST is the greater the evidence for rejecting H0.

Yi
<latexit sha1_base64="UpRUWdyZE5tZsZz1m+gGxuctdGM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rEneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gAypI29</latexit>

Let        denote a normally distributed random variable that generated observation         then,

The expected value for the variance is:

Recall this was an estimator of variance from the first half of class.

yij
<latexit sha1_base64="DQ+T9KK/Ix9KROB8ZGgJii1s6yM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2zbZps8mSZIVl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wvZv7nSeqNJPi0aQx9SM8EixkBBsrtdNBxiazQbniVt0F0DrxclKBHM1B+as/lCSJqDCEY617nhsbP8PKMMLprNRPNI0xmeIR7VkqcES1ny2unaELqwxRKJUtYdBC/T2R4UjrNApsZ4TNWK96c/E/r5eY8MbPmIgTQwVZLgoTjoxE89fRkClKDE8twUQxeysiY6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhCYwDO8wpsjnRfn3flYthacfOYU/sD5/AHv/Y9d</latexit>

E

✓
SSE

2n1 � 2

◆
= �2

<latexit sha1_base64="eM62f4GQ9IHGd2UO/ZeD9UT5ioA="></latexit>
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The procedure

How much evidence does this value provide?

So the larger SST is the greater the evidence for rejecting H0.

E(SST) = �2 +
n1

2
(µ1 � µ2)

2

<latexit sha1_base64="b74r/IyAwRLpJCCLjgfSxYqhcEA="></latexit>

It is possible to prove that the expected value of the treatment sum of squares is 

So when there is a difference in means the SST exceeds the variance
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The procedure

This allows us to define the Z statistic

Z =
Ŷ1 � Ŷ2p
2�2/n1

<latexit sha1_base64="8G4IS0IV87IGdiPB4wYJkRhhiRY=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIbqxJFHQjFN24rGAv2tQymU7aoZNJnDkRSsh7uPFV3LhQxJXgwrdx2mahrQcGPv7/HM6c34s4U2BZ30Zubn5hcSm/XFhZXVvfKG5u1VUYS0JrJOShbHpYUc4ErQEDTpuRpDjwOG14g4uR33igUrFQXMMwou0A9wTzGcGgpU7RuT1zfYlJ4vYxJDcdOz3IyEnTxFX3EhLHVawX4DvnUGg/7RRLVtkalzkLdgYllFW1U/x0uyGJAyqAcKxUy7YiaCdYAiOcpgU3VjTCZIB7tKVR4ICqdjK+LTX3tNI1/VDqJ8Acq78nEhwoNQw83Rlg6KtpbyT+57Vi8E/bCRNRDFSQySI/5iaE5igos8skJcCHGjCRTP/VJH2sowIdZ0GHYE+fPAt1p2wflZ2r41LlPIsjj3bQLtpHNjpBFXSJqqiGCHpEz+gVvRlPxovxbnxMWnNGNrON/pTx9QOSyKG+</latexit>
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The procedure

This allows us to define the Z statistic

Z =
Ŷ1 � Ŷ2p
2�2/n1

<latexit sha1_base64="8G4IS0IV87IGdiPB4wYJkRhhiRY=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIbqxJFHQjFN24rGAv2tQymU7aoZNJnDkRSsh7uPFV3LhQxJXgwrdx2mahrQcGPv7/HM6c34s4U2BZ30Zubn5hcSm/XFhZXVvfKG5u1VUYS0JrJOShbHpYUc4ErQEDTpuRpDjwOG14g4uR33igUrFQXMMwou0A9wTzGcGgpU7RuT1zfYlJ4vYxJDcdOz3IyEnTxFX3EhLHVawX4DvnUGg/7RRLVtkalzkLdgYllFW1U/x0uyGJAyqAcKxUy7YiaCdYAiOcpgU3VjTCZIB7tKVR4ICqdjK+LTX3tNI1/VDqJ8Acq78nEhwoNQw83Rlg6KtpbyT+57Vi8E/bCRNRDFSQySI/5iaE5igos8skJcCHGjCRTP/VJH2sowIdZ0GHYE+fPAt1p2wflZ2r41LlPIsjj3bQLtpHNjpBFXSJqqiGCHpEz+gVvRlPxovxbnxMWnNGNrON/pTx9QOSyKG+</latexit>

Since Z is normally distributed under the null hypothesis...

Z2
<latexit sha1_base64="y99tZCtG1SWLKNCxDitdM4mpj4E=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiMCktmhFybMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oeuo3n1BpHsl7M46xG9KB5AFn1Fjp7uGx0iuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWKVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x2Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1duz0vVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A3zqNhg==</latexit>

follows a           distribution with 1 degree of freedom. �2
<latexit sha1_base64="ImV44qfM5Cldg/xGvAEowhHP74k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNLhmyh2qvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2bUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq6EILFl5dJs1oJzivVu4ty7TqPowDHcAJnEMAl1OAW6tAAAo/wDK/w5invxXv3PuatK14+cwR/4H3+ACirjto=</latexit>
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The procedure

And Z2 =
⇣n1

2

⌘ (Ŷ1 � Ŷ2)2

�2
=

SST

�2
<latexit sha1_base64="bWpK7aKI5XwsngzvL7rYl8IKZq8="></latexit>

The whole point is that we have been able to relate the sum of 
squares of the treatment to a distribution we can use to 
generate a p–value.
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The procedure

Assuming SST and SSE are independent it follows that 

Z2

SSE/(2n1 � 2)�2
<latexit sha1_base64="fqi/eJvj38BkDJTEoB/92lgvKpk=">AAACEHicbVDLSsNAFJ3UV62vqks3wSLWhTWJgi6LIris1D6wqWUynbRDJ5MwcyOW0E9w46+4caGIW5fu/Bunj4W2HrhwOOde7r3HizhTYFnfRmpufmFxKb2cWVldW9/Ibm5VVRhLQisk5KGse1hRzgStAANO65GkOPA4rXm9i6Ffu6dSsVDcQD+izQB3BPMZwaClVnbf9SUmye2dM0hcoA+QlMuXg6O8I1r2oXPgKtYJsDZb2ZxVsEYwZ4k9ITk0QamV/XLbIYkDKoBwrFTDtiJoJlgCI5wOMm6saIRJD3doQ1OBA6qayeihgbmnlbbph1KXAHOk/p5IcKBUP/B0Z4Chq6a9ofif14jBP2smTEQxUEHGi/yYmxCaw3TMNpOUAO9rgolk+laTdLFOCHSGGR2CPf3yLKk6Bfu44Fyf5IrnkzjSaAftojyy0SkqoitUQhVE0CN6Rq/ozXgyXox342PcmjImM9voD4zPH0qlnBc=</latexit>

Defines an F distribution.
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The procedure – Mean squares

H0 : µ1 = µ2
<latexit sha1_base64="x55VtZlNCERQRybP5DSqk0v6ZfY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKiiAU3XRZwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth64l8M59zJ3TpBwprTjfFtr6xubW9ulnfLu3v7BoX103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMH7I/c6ESsVi8aSnCfUiPBQsZARrI/m23fCdW9SPUt+9y3vNtytO1ZkDrRK3IBUo0PTtr/4gJmlEhSYcK9VznUR7GZaaEU5n5X6qaILJGA9pz1CBI6q8bH75DJ0bZYDCWJoSGs3V3xsZjpSaRoGZjLAeqWUvF//zeqkOb7yMiSTVVJDFQ2HKkY5RHgMaMEmJ5lNDMJHM3IrICEtMtAmrbEJwl7+8Stq1qntZrT1eVer3RRwlOIUzuAAXrqEODWhCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QOc4pJa</latexit>

Under                                 both MST and MSE estimate the response variance.

Sums of squares divided by their degrees of freedom are called 
mean squares. 

So we can define a mean squared for the treatment and the error.
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The procedure – Mean squares

H0 : µ1 = µ2
<latexit sha1_base64="x55VtZlNCERQRybP5DSqk0v6ZfY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKiiAU3XRZwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth64l8M59zJ3TpBwprTjfFtr6xubW9ulnfLu3v7BoX103FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMH7I/c6ESsVi8aSnCfUiPBQsZARrI/m23fCdW9SPUt+9y3vNtytO1ZkDrRK3IBUo0PTtr/4gJmlEhSYcK9VznUR7GZaaEU5n5X6qaILJGA9pz1CBI6q8bH75DJ0bZYDCWJoSGs3V3xsZjpSaRoGZjLAeqWUvF//zeqkOb7yMiSTVVJDFQ2HKkY5RHgMaMEmJ5lNDMJHM3IrICEtMtAmrbEJwl7+8Stq1qntZrT1eVer3RRwlOIUzuAAXrqEODWhCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QOc4pJa</latexit>

Under                                 both MST and MSE estimate the response variance.

When                      MST will be larger than the response variance and tend to 
be larger than MSE.                      

Sums of squares divided by their degrees of freedom are called 
mean squares. 

So we can define a mean squared for the treatment and the error.

µ1 6= µ2
<latexit sha1_base64="TPs3cZxCwPNJW1bj5Gtmm4rMdNo=">AAAB+XicbZDLSsNAFIYnXmu9RV26GSyCq5JUQZdFNy4r2As0IUymJ+3QySTOTAol9E3cuFDErW/izrdx0mahrT8MfPznHM6ZP0w5U9pxvq219Y3Nre3KTnV3b//g0D467qgkkxTaNOGJ7IVEAWcC2pppDr1UAolDDt1wfFfUuxOQiiXiUU9T8GMyFCxilGhjBbbtxVngYk/AEy6wEdg1p+7MhVfBLaGGSrUC+8sbJDSLQWjKiVJ910m1nxOpGeUwq3qZgpTQMRlC36AgMSg/n18+w+fGGeAokeYJjefu74mcxEpN49B0xkSP1HKtMP+r9TMd3fg5E2mmQdDFoijjWCe4iAEPmASq+dQAoZKZWzEdEUmoNmFVTQju8pdXodOou5f1xsNVrXlbxlFBp+gMXSAXXaMmukct1EYUTdAzekVvVm69WO/Wx6J1zSpnTtAfWZ8/T5GSzA==</latexit>
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The procedure – Mean squares

So finally we have something we can test!

F =
MST

MSE
<latexit sha1_base64="hSCUY6hV5VVciz8ECuPZRN3GTAk=">AAACD3icbZDLSsNAFIYn9VbrLerSTbAorkpSBd0IRVHcCBV7gyaUyXTSDp1cmDkRS8gbuPFV3LhQxK1bd76N0zaItv4w8M1/zmHm/G7EmQTT/NJyc/MLi0v55cLK6tr6hr651ZBhLAitk5CHouViSTkLaB0YcNqKBMW+y2nTHZyP6s07KiQLgxoMI+r4uBcwjxEMyuro+zbQe0gu01PbE5gkk+v1bS1Nf/giTTt60SyZYxmzYGVQRJmqHf3T7oYk9mkAhGMp25YZgZNgAYxwmhbsWNIIkwHu0bbCAPtUOsl4n9TYU07X8EKhTgDG2P09kWBfyqHvqk4fQ19O10bmf7V2DN6Jk7AgioEGZPKQF3MDQmMUjtFlghLgQwWYCKb+apA+VrmAirCgQrCmV56FRrlkHZbKN0fFylkWRx7toF10gCx0jCroClVRHRH0gJ7QC3rVHrVn7U17n7TmtGxmG/2R9vENu3Sdug==</latexit>

F � F↵
<latexit sha1_base64="mFZ87+PLR3rVRPaKcrKXSlpUE7M=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBT0WheKxgv2AJoTNdtMu3Wzi7kaopb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb6uwtr6xuVXcLu3s7u2X7YPDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC0c3M7zxSqVgi7vU4pX6MB4JFjGBtpMAuN5A3oA+oEXiYp0Mc2BWn6syBVombkwrkaAb2l9dPSBZToQnHSvVcJ9X+BEvNCKfTkpcpmmIywgPaM1TgmCp/Mj98ik6N0kdRIk0Jjebq74kJjpUax6HpjLEeqmVvJv7n9TIdXfkTJtJMU0EWi6KMI52gWQqozyQlmo8NwUQycysiQywx0SarkgnBXX55lbRrVfe8Wru7qNSv8ziKcAwncAYuXEIdbqEJLSCQwTO8wpv1ZL1Y79bHorVg5TNH8AfW5w+d1JJr</latexit>

If                      then we can reject H0 at the significance level      
As usual we look up        in a table (or more likely we use 
MATLAB or R.)

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

F↵
<latexit sha1_base64="fG20CuTHiCHkEUUu0sjgntB1BZA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUxGMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9cSU5rF8MOOE+REOJA85RWOl9m2viyIZYq9UdivuDGSZeDkpQ456r/TV7cc0jZg0VKDWHc9NjJ+hMpwKNil2U80SpCMcsI6lEiOm/Wx274ScWqVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhFd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiIijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIM6NICCgGd4hTfn0Xlx3p2PeeuKk88cwR84nz/U9I/V</latexit>
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The procedure – Mean squares

This explanation was just for a two factor ANOVA. But it is 
generalizable to any number of factors. 
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Example

Consider two factors:

A B
6.1 9.1
7.1 8.2
7.8 8.6
6.9 6.9
7.6 7.5
8.2 7.9

Are the means different at the 0.05 significance level?
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Example

Total Sum of Squares =
2X

i=1

6X

j=1

(yij � ȳ)2

<latexit sha1_base64="8aClIF4ZVegFPNNkaafV6jxQouU="></latexit>

Total Sum of Squares =
2X

i=1

6X

j=1

yij �
P2

i=1

P6
j=1 yij

12
<latexit sha1_base64="jrkmQgDOnYAeOUAgArk20Dlwyic="></latexit>
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Example

Total Sum of Squares =
2X

i=1

6X

j=1

(yij � ȳ)2

<latexit sha1_base64="8aClIF4ZVegFPNNkaafV6jxQouU="></latexit>

Total Sum of Squares = 711.35� (91.9)2

12
= 7.5492

<latexit sha1_base64="uSsfP4vz8COOKBbgr+7geNZBVCE="></latexit>
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Now we calculate the Treatment and error sums of squares:

SST = n1

2X

i=1

(ȳi � ȳ)2

=
n1

2
(ȳ1 � ȳ2)

2 = 1.6875
<latexit sha1_base64="wPJjLoSf0mvC73vUz9pSry+Bxmo="></latexit>
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Now we calculate the Treatment and error sums of squares:

SSE =
2X

i=1

6X

j=1

(yij � ȳi)
2 = 5.8617

<latexit sha1_base64="Faf0mgDD+KRVodZiLPYzqGxxz3k="></latexit>

SST = n1

2X

i=1

(ȳi � ȳ)2 = 1.6875
<latexit sha1_base64="3JxGsjjlS7yv11/SPNdCXaHw3ZU="></latexit>
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Finally we take the mean sum of squares

MST = SSE/1 = 1.6875

MSE = SSE/(2n1 � 2) = 0.58617
<latexit sha1_base64="NODrsIE15FQAoNK3TaWC9v0MGLw="></latexit>
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Example

Finally we take the mean sum of squares

MST = SSE/1 = 1.6875

MSE = SSE/(2n1 � 2) = 0.58617
<latexit sha1_base64="NODrsIE15FQAoNK3TaWC9v0MGLw="></latexit>
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Finally we take the mean sum of squares

MST = SSE/1 = 1.6875

MSE = SSE/(2n1 � 2) = 0.58617

MST

MSE
= 2.88

<latexit sha1_base64="RIVdYFL7M6THEKJ0bebjewsNTtQ="></latexit>

The F statistic for 0.05 is 4.96 so these are not statistically different.



Logistics

u Last Lecture! (You made it!)
u Thursday – final exam review. I will post an example final tonight.

u Assignment 4 is due on Saturday by 11:59.

1



Logistics

u Assignment 3 has been graded.
u Grades were generally good

2



Logistics

u Assignment 3 has been graded.
u Grades were generally good

u Some recurring issues:
1. Label you axes!
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Logistics

u Assignment 3 has been graded.
u Grades were generally good

u Some recurring issues:
1. Label you axes!
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Logistics

u Assignment 3 has been 
graded.

u Grades were generally good

u Some recurring issues:
1. Label you axes!

2. State specific questions.

5
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Specific Questions

u “MATLAB is a heavily optimized program for linear algebra so I ask whether 
it’s implementation of matrix multiplication is more efficient than standard 
C matmul optimized benchmarks.”

u Instead of “I examine the relationship between C benchmarks and 
MATLAB.”

6



Logistics

u Assignment 3 has been 
graded.

u Grades were generally good

u Some recurring issues:
1. Label you axes!

2. State specific questions.

3. Make sure your plots are 
legible.
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Logistics

u Assignment 3 has been graded.
u Grades were generally good

u Some recurring issues:
1. Label you axes!
2. State specific questions.
3. Make sure your plots are legible.
4. Avoid digressions from your main 

questions. Don’t use up two pages 
of tables to make a point that could 
be summarized in one sentence and 
that isn’t a central question.

8



Logistics

u Assignment 3 has been graded.
u Grades were generally good

u Some recurring issues:
1. Label you axes!
2. State specific questions.
3. Make sure your plots are legible.
4. Avoid digressions from your main 

questions. Don’t use up two pages of 
tables to make a point that could be 
summarized in one sentence and that 
isn’t a central question.

5. Think of the kittens.

9



ANOVAs (Part 2)
MATTHEW FRICKE

1.0 SEND CORRECTIONS TO MFRICKE@UNM.EDU

10



Multiple samples

u We can generalize from testing for differences in population means from 
part 1 to multiple populations.

u The random selection of independent samples from p populations is called 
“completely randomized experimental design”.

11



Multiple samples

u We can generalize from testing for differences in population means from 
part 1 to multiple populations.

u The random selection of independent samples from p populations is called 
“completely randomized experimental design”.

u Assume the underlying populations are Gaussian with possibly different
means but the same variance. 

12



Multiple samples

u We can generalize from testing for differences in population means from 
part 1 to multiple populations.

u The random selection of independent samples from p populations is called 
“completely randomized experimental design”.

u Assume the underlying populations are Gaussian with possibly different
means but the same variance. 

u We can allow different sample sizes from each population.

13

µi
<latexit sha1_base64="Adq90/3sa0GCRm8lZWAIR/Etq8M=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTts36l6tf8OdAqCQpShQLNfuWrN0iJFVQawrHW3cDPTJRjZRjhdFruWU0zTMZ4SLuOSiyojvL5sVN07pQBSlLlSho0V39P5FhoPRGx6xTYjPSyNxP/87rWJDdRzmRmDZVksSixHJkUzT5HA6YoMXziCCaKuVsRGWGFiXH5lF0IwfLLq6RVrwWXtfrDVbVxW8RRglM4gwsI4BoacA9NCIEAg2d4hTdPei/eu/exaF3zipkT+APv8wfaiI62</latexit>

�2
i = �2

i+1
<latexit sha1_base64="Y1yaJcDuOA3C73v/wZchhzQIkjQ=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWQRDKzCjoRii6cVnBXqCdDpk004YmmSHJCGUobnwVNy4UcetTuPNtTNtZaOsPgY//nMPJ+cOEUaUd59sqLC2vrK4V10sbm1vbO/buXkPFqcSkjmMWy1aIFGFUkLqmmpFWIgniISPNcHgzqTcfiFQ0Fvd6lBCfo76gEcVIGyuwDzqK9jkKaNe7mmHXCzJ66o4Du+xUnKngIrg5lEGuWmB/dXoxTjkRGjOkVNt1Eu1nSGqKGRmXOqkiCcJD1CdtgwJxovxsesIYHhunB6NYmic0nLq/JzLElRrx0HRypAdqvjYx/6u1Ux1d+hkVSaqJwLNFUcqgjuEkD9ijkmDNRgYQltT8FeIBkghrk1rJhODOn7wIDa/inlW8u/Ny9TqPowgOwRE4AS64AFVwC2qgDjB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwBYMGWxA==</latexit>



Multiple samples

u Let yij be the response of the jth experimental unit in
the ith sample.

u Let       and       be the total and mean of the ith sample.

14

Ti
<latexit sha1_base64="mqtrDOIxue7rb4cLDp/B4iDtvRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRp/3S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5qdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmf5MBV8iMmFhCmeL2VsJGVFFmbDpFG4K3/PIqaVUr3mWl+nBVrt3mcRTgFM7gAjy4hhrcQx2awGAIz/AKb45wXpx352PRuubkMyfwB87nDysGjbg=</latexit>

T̄i
<latexit sha1_base64="DDUDJfad0e5n5QAqAWJt8wfaiWI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWOFfkm7lGyabUOT7JJkhbL0V3jxoIhXf443/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLxKmmrEljEetOSAwTXLGm5VawTqIZkaFg7XB8N/PbT0wbHquGnSQskGSoeMQpsU567IVEZ40+n/ZLZa/izYFXiZ+TMuSo90tfvUFMU8mUpYIY0/W9xAYZ0ZZTwabFXmpYQuiYDFnXUUUkM0E2P3iKz50ywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFNkHGVpJYpulgUpQLbGM++xwOuGbVi4gihmrtbMR0RTah1GRVdCP7yy6ukVa34l5Xqw1W5dpvHUYBTOIML8OEaanAPdWgCBQnP8ApvSKMX9I4+Fq1rKJ85gT9Anz/tipB9</latexit>



Multiple samples

u Let yij be the response of the jth experimental unit in
the ith sample.

u Let       and       be the total and mean of the ith sample.

15

Ti
<latexit sha1_base64="mqtrDOIxue7rb4cLDp/B4iDtvRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRp/3S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5qdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmf5MBV8iMmFhCmeL2VsJGVFFmbDpFG4K3/PIqaVUr3mWl+nBVrt3mcRTgFM7gAjy4hhrcQx2awGAIz/AKb45wXpx352PRuubkMyfwB87nDysGjbg=</latexit>

T̄i
<latexit sha1_base64="DDUDJfad0e5n5QAqAWJt8wfaiWI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWOFfkm7lGyabUOT7JJkhbL0V3jxoIhXf443/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLxKmmrEljEetOSAwTXLGm5VawTqIZkaFg7XB8N/PbT0wbHquGnSQskGSoeMQpsU567IVEZ40+n/ZLZa/izYFXiZ+TMuSo90tfvUFMU8mUpYIY0/W9xAYZ0ZZTwabFXmpYQuiYDFnXUUUkM0E2P3iKz50ywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFNkHGVpJYpulgUpQLbGM++xwOuGbVi4gihmrtbMR0RTah1GRVdCP7yy6ukVa34l5Xqw1W5dpvHUYBTOIML8OEaanAPdWgCBQnP8ApvSKMX9I4+Fq1rKJ85gT9Anz/tipB9</latexit>

TSS = SST + SSE
<latexit sha1_base64="jomEU+DT/uPTT3F7tn+xmzji/FE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCIJSkCroRiiK4rKQ3aEOZTKft0MmFmROxhGzd+CpuXCji1jdw59s4bSNo6w8DH/85hzPn9yLBFVjWl7GwuLS8sppby69vbG5tmzu7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW84dW43rhjUvEwqMIoYq5P+gHvcUpAWx0Tt4HdQ1J1nPRiio5TTY9/8DrtmAWraE2E58HOoIAyVTrmZ7sb0thnAVBBlGrZVgRuQiRwKliab8eKRYQOSZ+1NAbEZ8pNJpek+FA7XdwLpX4B4In7eyIhvlIj39OdPoGBmq2Nzf9qrRh6527CgygGFtDpol4sMIR4HAvucskoiJEGQiXXf8V0QCShoMPL6xDs2ZPnoV4q2ifF0u1poXyZxZFD++gAHSEbnaEyukEVVEMUPaAn9IJejUfj2Xgz3qetC0Y2s4f+yPj4BvokmoE=</latexit>



Multiple samples

u Let yij be the response of the jth experimental unit in
the ith sample.

u Let       and       be the total and mean of the ith sample.

16

Ti
<latexit sha1_base64="mqtrDOIxue7rb4cLDp/B4iDtvRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRp/3S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5qdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmf5MBV8iMmFhCmeL2VsJGVFFmbDpFG4K3/PIqaVUr3mWl+nBVrt3mcRTgFM7gAjy4hhrcQx2awGAIz/AKb45wXpx352PRuubkMyfwB87nDysGjbg=</latexit>

T̄i
<latexit sha1_base64="DDUDJfad0e5n5QAqAWJt8wfaiWI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWOFfkm7lGyabUOT7JJkhbL0V3jxoIhXf443/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLxKmmrEljEetOSAwTXLGm5VawTqIZkaFg7XB8N/PbT0wbHquGnSQskGSoeMQpsU567IVEZ40+n/ZLZa/izYFXiZ+TMuSo90tfvUFMU8mUpYIY0/W9xAYZ0ZZTwabFXmpYQuiYDFnXUUUkM0E2P3iKz50ywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFNkHGVpJYpulgUpQLbGM++xwOuGbVi4gihmrtbMR0RTah1GRVdCP7yy6ukVa34l5Xqw1W5dpvHUYBTOIML8OEaanAPdWgCBQnP8ApvSKMX9I4+Fq1rKJ85gT9Anz/tipB9</latexit>

TSS = SST + SSE
<latexit sha1_base64="jomEU+DT/uPTT3F7tn+xmzji/FE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCIJSkCroRiiK4rKQ3aEOZTKft0MmFmROxhGzd+CpuXCji1jdw59s4bSNo6w8DH/85hzPn9yLBFVjWl7GwuLS8sppby69vbG5tmzu7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW84dW43rhjUvEwqMIoYq5P+gHvcUpAWx0Tt4HdQ1J1nPRiio5TTY9/8DrtmAWraE2E58HOoIAyVTrmZ7sb0thnAVBBlGrZVgRuQiRwKliab8eKRYQOSZ+1NAbEZ8pNJpek+FA7XdwLpX4B4In7eyIhvlIj39OdPoGBmq2Nzf9qrRh6527CgygGFtDpol4sMIR4HAvucskoiJEGQiXXf8V0QCShoMPL6xDs2ZPnoV4q2ifF0u1poXyZxZFD++gAHSEbnaEyukEVVEMUPaAn9IJejUfj2Xgz3qetC0Y2s4f+yPj4BvokmoE=</latexit>

CM (Correction for the mean) =
(Total for all observations)2

n
<latexit sha1_base64="4vq6UHUr/Ob8gvQy8tc7G2oUcBI="></latexit>



Multiple samples
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CM (Correction for the mean) =
(Total for all observations)2

n
<latexit sha1_base64="4vq6UHUr/Ob8gvQy8tc7G2oUcBI="></latexit>

CM = nȳ2
<latexit sha1_base64="a3VwVr3c3eE/8rw08yRLzdrkrvU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdCMUu3EjVLAPaGKZTCft0MkkzNyINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kyBbX8bC4tLyyurhbXi+sbm1ra5s9tUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q9rY791T6VikbiFUUy9EPcFCxjBoKWuue8CfYC0dp1dCNfHMh1ld5WuWbLL9gTWPHFyUkI56l3zy+1FJAmpAMKxUh3HjsFLsQRGOM2KbqJojMkQ92lHU4FDqrx0cn1mHWmlZwWR1CXAmqi/J1IcKjUKfd0ZYhioWW8s/ud1EgjOvZSJOAEqyHRRkHALImschdVjkhLgI00wkUzfapEBlpiADqyoQ3BmX54nzUrZOSlXbk5L1cs8jgI6QIfoGDnoDFXRFaqjBiLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucPrciVXQ==</latexit>

Which simplifies straightforwardly to (n times the mean squared) 



Multiple samples
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CM (Correction for the mean) =
(Total for all observations)2

n
<latexit sha1_base64="4vq6UHUr/Ob8gvQy8tc7G2oUcBI="></latexit>

CM = nȳ2
<latexit sha1_base64="a3VwVr3c3eE/8rw08yRLzdrkrvU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdCMUu3EjVLAPaGKZTCft0MkkzNyINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kyBbX8bC4tLyyurhbXi+sbm1ra5s9tUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q9rY791T6VikbiFUUy9EPcFCxjBoKWuue8CfYC0dp1dCNfHMh1ld5WuWbLL9gTWPHFyUkI56l3zy+1FJAmpAMKxUh3HjsFLsQRGOM2KbqJojMkQ92lHU4FDqrx0cn1mHWmlZwWR1CXAmqi/J1IcKjUKfd0ZYhioWW8s/ud1EgjOvZSJOAEqyHRRkHALImschdVjkhLgI00wkUzfapEBlpiADqyoQ3BmX54nzUrZOSlXbk5L1cs8jgI6QIfoGDnoDFXRFaqjBiLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucPrciVXQ==</latexit>

Which simplifies straightforwardly to (n times the mean squared) 

SST =
PX

i=1

T 2
i

ni
� CM

<latexit sha1_base64="3ZHTH8zNoKDogWVRlf2pZQddGI0="></latexit>



Multiple samples
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CM (Correction for the mean) =
(Total for all observations)2

n
<latexit sha1_base64="4vq6UHUr/Ob8gvQy8tc7G2oUcBI="></latexit>

CM = nȳ2
<latexit sha1_base64="a3VwVr3c3eE/8rw08yRLzdrkrvU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdCMUu3EjVLAPaGKZTCft0MkkzNyINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kyBbX8bC4tLyyurhbXi+sbm1ra5s9tUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q9rY791T6VikbiFUUy9EPcFCxjBoKWuue8CfYC0dp1dCNfHMh1ld5WuWbLL9gTWPHFyUkI56l3zy+1FJAmpAMKxUh3HjsFLsQRGOM2KbqJojMkQ92lHU4FDqrx0cn1mHWmlZwWR1CXAmqi/J1IcKjUKfd0ZYhioWW8s/ud1EgjOvZSJOAEqyHRRkHALImschdVjkhLgI00wkUzfapEBlpiADqyoQ3BmX54nzUrZOSlXbk5L1cs8jgI6QIfoGDnoDFXRFaqjBiLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucPrciVXQ==</latexit>

Which simplifies straightforwardly to (n times the mean squared) 

SST =
PX

i=1

T 2
i

ni
� CM

<latexit sha1_base64="3ZHTH8zNoKDogWVRlf2pZQddGI0="></latexit>

SSE = TSS� SST
<latexit sha1_base64="lV1ATEPZHSXII3u/0F4dK1Yp4vQ=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCG0tSBd0IRRFcVtIbtKFMptN26OTCzIlYQrZufBU3LhRx6xu4822cthG09YeBj/+cw5nze5HgCizry1hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTY8oJnjAasBBsGYkGfE9wRre8Gpcb9wxqXgYVGEUMdcn/YD3OCWgrY6J28DuIXGc6/RiilXHSY9/3GraMQtW0ZoIz4OdQQFlqnTMz3Y3pLHPAqCCKNWyrQjchEjgVLA0344Viwgdkj5raQyIz5SbTC5J8aF2urgXSv0CwBP390RCfKVGvqc7fQIDNVsbm//VWjH0zt2EB1EMLKDTRb1YYAjxOBbc5ZJRECMNhEqu/4rpgEhCQYeX1yHYsyfPQ71UtE+KpdvTQvkyiyOH9tEBOkI2OkNldIMqqIYoekBP6AW9Go/Gs/FmvE9bF4xsZg/9kfHxDfv2moM=</latexit>



Multiple samples
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CM (Correction for the mean) =
(Total for all observations)2

n
<latexit sha1_base64="4vq6UHUr/Ob8gvQy8tc7G2oUcBI="></latexit>

CM = nȳ2
<latexit sha1_base64="a3VwVr3c3eE/8rw08yRLzdrkrvU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KkkVdCMUu3EjVLAPaGKZTCft0MkkzNyINQR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/5kyBbX8bC4tLyyurhbXi+sbm1ra5s9tUUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q9rY791T6VikbiFUUy9EPcFCxjBoKWuue8CfYC0dp1dCNfHMh1ld5WuWbLL9gTWPHFyUkI56l3zy+1FJAmpAMKxUh3HjsFLsQRGOM2KbqJojMkQ92lHU4FDqrx0cn1mHWmlZwWR1CXAmqi/J1IcKjUKfd0ZYhioWW8s/ud1EgjOvZSJOAEqyHRRkHALImschdVjkhLgI00wkUzfapEBlpiADqyoQ3BmX54nzUrZOSlXbk5L1cs8jgI6QIfoGDnoDFXRFaqjBiLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucPrciVXQ==</latexit>

Which simplifies straightforwardly to (n times the mean squared) 

SST =
PX

i=1

T 2
i

ni
� CM

<latexit sha1_base64="3ZHTH8zNoKDogWVRlf2pZQddGI0="></latexit>

SSE = TSS� SST
<latexit sha1_base64="lV1ATEPZHSXII3u/0F4dK1Yp4vQ=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCG0tSBd0IRRFcVtIbtKFMptN26OTCzIlYQrZufBU3LhRx6xu4822cthG09YeBj/+cw5nze5HgCizry1hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTY8oJnjAasBBsGYkGfE9wRre8Gpcb9wxqXgYVGEUMdcn/YD3OCWgrY6J28DuIXGc6/RiilXHSY9/3GraMQtW0ZoIz4OdQQFlqnTMz3Y3pLHPAqCCKNWyrQjchEjgVLA0344Viwgdkj5raQyIz5SbTC5J8aF2urgXSv0CwBP390RCfKVGvqc7fQIDNVsbm//VWjH0zt2EB1EMLKDTRb1YYAjxOBbc5ZJRECMNhEqu/4rpgEhCQYeX1yHYsyfPQ71UtE+KpdvTQvkyiyOH9tEBOkI2OkNldIMqqIYoekBP6AW9Go/Gs/FmvE9bF4xsZg/9kfHxDfv2moM=</latexit>



Multiple samples
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MSE =
SSE

n1 + n2 + · · ·+ np � p
<latexit sha1_base64="ODHXSCH2DwrPKJz5Nd+wLPkCi1Y=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSIIxZJUQTdCUQQ3QqX2AW0Jk+mkHTqZhJkbsYR8hxt/xY0LRdyJG//G6WOhrQcGDufcw517vIgzBbb9bWQWFpeWV7KrubX1jc0tc3unrsJYElojIQ9l08OKciZoDRhw2owkxYHHacMbXI78xj2VioXiDoYR7QS4J5jPCAYtuabTBvoAyU31Kj1v+xKTZCJUtZAmwnUKwi0V2t0QlGbRUZS6Zt4u2mNY88SZkjyaouKanzpO4oAKIBwr1XLsCDoJlsAIp2muHSsaYTLAPdrSVOCAqk4yPi21DrTStfxQ6ifAGqu/EwkOlBoGnp4MMPTVrDcS//NaMfhnnYSJKAYqyGSRH3MLQmvUk9VlkhLgQ00wkUz/1SJ9rAsC3WZOl+DMnjxP6qWic1ws3Z7kyxfTOrJoD+2jQ+SgU1RG16iCaoigR/SMXtGb8WS8GO/Gx2Q0Y0wzu+gPjK8flXKhLg==</latexit>

The estimate of variance based on the number of degrees of freedom
(numerator below) is (Mean Squares for Error):



Multiple samples
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MSE =
SSE

n1 + n2 + · · ·+ np � p
<latexit sha1_base64="ODHXSCH2DwrPKJz5Nd+wLPkCi1Y=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSIIxZJUQTdCUQQ3QqX2AW0Jk+mkHTqZhJkbsYR8hxt/xY0LRdyJG//G6WOhrQcGDufcw517vIgzBbb9bWQWFpeWV7KrubX1jc0tc3unrsJYElojIQ9l08OKciZoDRhw2owkxYHHacMbXI78xj2VioXiDoYR7QS4J5jPCAYtuabTBvoAyU31Kj1v+xKTZCJUtZAmwnUKwi0V2t0QlGbRUZS6Zt4u2mNY88SZkjyaouKanzpO4oAKIBwr1XLsCDoJlsAIp2muHSsaYTLAPdrSVOCAqk4yPi21DrTStfxQ6ifAGqu/EwkOlBoGnp4MMPTVrDcS//NaMfhnnYSJKAYqyGSRH3MLQmvUk9VlkhLgQ00wkUz/1SJ9rAsC3WZOl+DMnjxP6qWic1ws3Z7kyxfTOrJoD+2jQ+SgU1RG16iCaoigR/SMXtGb8WS8GO/Gx2Q0Y0wzu+gPjK8flXKhLg==</latexit>

The mean square for treatments will have p-1 degrees of freedom, i.e. one 
less than the number of means.

MST =
SST

p� 1
<latexit sha1_base64="8VuJpTAlyOmYdrEz0ErBe2UiYec=">AAACCnicbZDLSsNAFIYnXmu9RV26iRbBjSWpgm6Eohs3QqVXaEKZTCft0MkkzJyIJWTtxldx40IRtz6BO9/G6WWhrT8M/HznHM6c3485U2Db38bC4tLyympuLb++sbm1be7sNlSUSELrJOKRbPlYUc4ErQMDTluxpDj0OW36g+tRvXlPpWKRqMEwpl6Ie4IFjGDQqGMeuEAfIL2t1rJLN5CYpBNQ1SBL4xMn65gFu2iPZc0bZ2oKaKpKx/xyuxFJQiqAcKxU27Fj8FIsgRFOs7ybKBpjMsA92tZW4JAqLx2fkllHmnStIJL6CbDG9PdEikOlhqGvO0MMfTVbG8H/au0EggsvZSJOgAoyWRQk3ILIGuVidZmkBPhQG0wk03+1SB/rQECnl9chOLMnz5tGqeicFkt3Z4Xy1TSOHNpHh+gYOegcldENqqA6IugRPaNX9GY8GS/Gu/ExaV0wpjN76I+Mzx/xYZsM</latexit>



Multiple samples
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So to test the null hypothesis that all the means are equal we can use the 
test statistic:

F =
MST

MSE
> F↵

<latexit sha1_base64="Ot9CGgbL6sn8/Ks5uJ4lJZqCOh4=">AAACH3icbVDLSgMxFM3UV62vqks3g0VwVWaqqBulKIoboWJf0BmGTJppQzMPkjtiGeZP3PgrblwoIu76N6YPRVsPBE7OOZfkHjfiTIJhDLTM3PzC4lJ2Obeyura+kd/cqsswFoTWSMhD0XSxpJwFtAYMOG1GgmLf5bTh9i6GfuOeCsnCoAr9iNo+7gTMYwSDkpz8kQX0AZKr9NTyBCbJ+HpzV03TH36ZpmffMcfCPOpiJ18wisYI+iwxJ6SAJqg4+U+rHZLYpwEQjqVsmUYEdoIFMMJpmrNiSSNMerhDW4oG2KfSTkb7pfqeUtq6Fwp1AtBH6u+JBPtS9n1XJX0MXTntDcX/vFYM3omdsCCKgQZk/JAXcx1CfViW3maCEuB9RTARTP1VJ12segJVaU6VYE6vPEvqpaJ5UCzdHhbK55M6smgH7aJ9ZKJjVEbXqIJqiKBH9Ixe0Zv2pL1o79rHOJrRJjPb6A+0wRfgXaS4</latexit>



Multiple samples
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So to test the null hypothesis that all the means are equal we can use the 
test statistic:

F =
MST

MSE
> F↵

<latexit sha1_base64="Ot9CGgbL6sn8/Ks5uJ4lJZqCOh4=">AAACH3icbVDLSgMxFM3UV62vqks3g0VwVWaqqBulKIoboWJf0BmGTJppQzMPkjtiGeZP3PgrblwoIu76N6YPRVsPBE7OOZfkHjfiTIJhDLTM3PzC4lJ2Obeyura+kd/cqsswFoTWSMhD0XSxpJwFtAYMOG1GgmLf5bTh9i6GfuOeCsnCoAr9iNo+7gTMYwSDkpz8kQX0AZKr9NTyBCbJ+HpzV03TH36ZpmffMcfCPOpiJ18wisYI+iwxJ6SAJqg4+U+rHZLYpwEQjqVsmUYEdoIFMMJpmrNiSSNMerhDW4oG2KfSTkb7pfqeUtq6Fwp1AtBH6u+JBPtS9n1XJX0MXTntDcX/vFYM3omdsCCKgQZk/JAXcx1CfViW3maCEuB9RTARTP1VJ12segJVaU6VYE6vPEvqpaJ5UCzdHhbK55M6smgH7aJ9ZKJjVEbXqIJqiKBH9Ixe0Zv2pL1o79rHOJrRJjPb6A+0wRfgXaS4</latexit>

All this is to say that the greater that difference between the sample means the greater the 
probability that the population means are different.



Multiple samples
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So to test the null hypothesis that all the means are equal we can use the 
test statistic:

F =
MST

MSE
> F↵

<latexit sha1_base64="Ot9CGgbL6sn8/Ks5uJ4lJZqCOh4=">AAACH3icbVDLSgMxFM3UV62vqks3g0VwVWaqqBulKIoboWJf0BmGTJppQzMPkjtiGeZP3PgrblwoIu76N6YPRVsPBE7OOZfkHjfiTIJhDLTM3PzC4lJ2Obeyura+kd/cqsswFoTWSMhD0XSxpJwFtAYMOG1GgmLf5bTh9i6GfuOeCsnCoAr9iNo+7gTMYwSDkpz8kQX0AZKr9NTyBCbJ+HpzV03TH36ZpmffMcfCPOpiJ18wisYI+iwxJ6SAJqg4+U+rHZLYpwEQjqVsmUYEdoIFMMJpmrNiSSNMerhDW4oG2KfSTkb7pfqeUtq6Fwp1AtBH6u+JBPtS9n1XJX0MXTntDcX/vFYM3omdsCCKgQZk/JAXcx1CfViW3maCEuB9RTARTP1VJ12segJVaU6VYE6vPEvqpaJ5UCzdHhbK55M6smgH7aJ9ZKJjVEbXqIJqiKBH9Ixe0Zv2pL1o79rHOJrRJjPb6A+0wRfgXaS4</latexit>

All this is to say that the greater that difference between the sample means the greater the 
probability that the population means are different.



Multiple samples
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Departing from the assumptions do not usually cause problems. But it is 
important to know the assumptions.

Again: Gaussian distributed populations, random selection of samples from 
populations, and equal variance.



ANOVA Table
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Source DoF SS MS F
Treatments p-1 SST MST=SST/(p-1) MST/MSE

Error n-p SSE MSE=SSE/(n-p)

Total n-1 TSS



ANOVA Table Example
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>> y = [52.7 57.5 45.9 44.5 53.0 57.0 45.9 44.0]';
g1 = [1 2 1 2 1 2 1 2]; 
g2 = {'hi';'hi';'lo';'lo';'hi';'hi';'lo';'lo'}; 
g3 = {'may';'may';'may';'may';'june';'june';'june';'june'};
>> 



ANOVA Table Example
29

>> y = [52.7 57.5 45.9 44.5 53.0 57.0 45.9 44.0]';
g1 = [1 2 1 2 1 2 1 2]; 
g2 = {'hi';'hi';'lo';'lo';'hi';'hi';'lo';'lo'}; 
g3 = {'may';'may';'may';'may';'june';'june';'june';'june'};
>> 

>> p = anovan(y,{g1,g2,g3})

p =

0.4174
0.0028
0.9140

>>



MATLAB ANOVA Table
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ANOVAs for Block Design
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TSS = SSB + SST + SSE
<latexit sha1_base64="sYdlyl16FJ+tnFqOaUs+vyp0IfA=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIQqEkVdCNUCqCy0p6gzaUyXTaDp1cmDkRS8hDuPFV3LhQxK0Ld76N0zaitv4w8PGfczhzfjfkTIJpfmqZpeWV1bXsem5jc2t7R9/da8ggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpji4n9eYtFZIFfg3GIXU8PPBZnxEMyurqhQ7QO4hrtp1czNC2K0nhG2s/eJV09bxZNKcyFsFKIY9SVbv6R6cXkMijPhCOpWxbZghOjAUwwmmS60SShpiM8IC2FfrYo9KJp0clxpFyekY/EOr5YEzd3xMx9qQce67q9DAM5XxtYv5Xa0fQP3di5ocRUJ/MFvUjbkBgTBIyekxQAnysABPB1F8NMsQCE1A55lQI1vzJi9AoFa2TYunmNF+upHFk0QE6RMfIQmeojK5RFdURQffoET2jF+1Be9JetbdZa0ZLZ/bRH2nvX4Uhnxs=</latexit>

The randomized block design implies we have two qualitatively different 
independent variables “blocks” and ”treatments”.

So now we have the sum of squares for blocks, treatments, and error.

With b blocks and p treatments.
<latexit sha1_base64="gW7wi1/KXgs5+Oxd9Lsq1vSIN/8=">AAACJHicbVDLSgMxFM3UV62vqks3wSK4GmaqoOCm6MZlBfuAtpRMmmlDM8mQ3BHL0I9x46+4ceEDF278FjNtBW09EDg5596b3BPEghvwvE8nt7S8srqWXy9sbG5t7xR39+pGJZqyGlVC6WZADBNcshpwEKwZa0aiQLBGMLzK/MYd04YreQujmHUi0pc85JSAlbrFizawe0gbHAZ4jAM8veJAKDo0mMieVeMfFexkiJgE444xxt1iyXO9CfAi8WekhGaodotv7Z6iSTaBCmJMy/di6KREA6eCjQvtxLCY0CHps5alkkTMdNLJkmN8ZJUeDpW2RwKeqL87UhIZM4oCWxkRGJh5LxP/81oJhOedlMs4ASbp9KEwERgUzhLDPa4ZBTGyhFDN7V8xHRBNKNhcCzYEf37lRVIvu/6JW745LVUuZ3Hk0QE6RMfIR2eogq5RFdUQRQ/oCb2gV+fReXbenY9pac6Z9eyjP3C+vgH7nqRc</latexit>



ANOVAs for Block Design
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The TSS, SST, and SSE are calculated as before. Except:

TSS = SSB + SST + SSE
<latexit sha1_base64="sYdlyl16FJ+tnFqOaUs+vyp0IfA=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIQqEkVdCNUCqCy0p6gzaUyXTaDp1cmDkRS8hDuPFV3LhQxK0Ld76N0zaitv4w8PGfczhzfjfkTIJpfmqZpeWV1bXsem5jc2t7R9/da8ggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpji4n9eYtFZIFfg3GIXU8PPBZnxEMyurqhQ7QO4hrtp1czNC2K0nhG2s/eJV09bxZNKcyFsFKIY9SVbv6R6cXkMijPhCOpWxbZghOjAUwwmmS60SShpiM8IC2FfrYo9KJp0clxpFyekY/EOr5YEzd3xMx9qQce67q9DAM5XxtYv5Xa0fQP3di5ocRUJ/MFvUjbkBgTBIyekxQAnysABPB1F8NMsQCE1A55lQI1vzJi9AoFa2TYunmNF+upHFk0QE6RMfIQmeojK5RFdURQffoET2jF+1Be9JetbdZa0ZLZ/bRH2nvX4Uhnxs=</latexit>

SSB =

Pb
i=1 B

2
i

p
� CM

<latexit sha1_base64="YkcZyQn1OH4HOES9h20Mq811Xo4=">AAACGXicbVDLSsNAFJ3UV62vqEs3wSK4sSRV0E2htBs3QqX2AU0bJtNJO3TyYOZGLCG/4cZfceNCEZe68m+cPhbaemDgcM653LnHjTiTYJrfWmZldW19I7uZ29re2d3T9w+aMowFoQ0S8lC0XSwpZwFtAANO25Gg2Hc5bbmj6sRv3VMhWRjcwTiiXR8PAuYxgkFJjm7aQB8gqdcracn2BCaJLWO/5zoJK1lppVd0WJpE6dksVr1JHT1vFswpjGVizUkezVFz9E+7H5LYpwEQjqXsWGYE3QQLYITTNGfHkkaYjPCAdhQNsE9lN5lelhonSukbXijUC8CYqr8nEuxLOfZdlfQxDOWiNxH/8zoxeFfdhAVRDDQgs0VezA0IjUlNRp8JSoCPFcFEMPVXgwyx6gdUmTlVgrV48jJpFgvWeaF4e5EvV+Z1ZNEROkanyEKXqIyuUQ01EEGP6Bm9ojftSXvR3rWPWTSjzWcO0R9oXz93BaE0</latexit>

With b blocks and p treatments.
<latexit sha1_base64="gW7wi1/KXgs5+Oxd9Lsq1vSIN/8=">AAACJHicbVDLSgMxFM3UV62vqks3wSK4GmaqoOCm6MZlBfuAtpRMmmlDM8mQ3BHL0I9x46+4ceEDF278FjNtBW09EDg5596b3BPEghvwvE8nt7S8srqWXy9sbG5t7xR39+pGJZqyGlVC6WZADBNcshpwEKwZa0aiQLBGMLzK/MYd04YreQujmHUi0pc85JSAlbrFizawe0gbHAZ4jAM8veJAKDo0mMieVeMfFexkiJgE444xxt1iyXO9CfAi8WekhGaodotv7Z6iSTaBCmJMy/di6KREA6eCjQvtxLCY0CHps5alkkTMdNLJkmN8ZJUeDpW2RwKeqL87UhIZM4oCWxkRGJh5LxP/81oJhOedlMs4ASbp9KEwERgUzhLDPa4ZBTGyhFDN7V8xHRBNKNhcCzYEf37lRVIvu/6JW745LVUuZ3Hk0QE6RMfIR2eogq5RFdUQRQ/oCb2gV+fReXbenY9pac6Z9eyjP3C+vgH7nqRc</latexit>



ANOVAs for Block Design
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The TSS, SST, and SSE are calculated as before. Except:

TSS = SSB + SST + SSE
<latexit sha1_base64="sYdlyl16FJ+tnFqOaUs+vyp0IfA=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIQqEkVdCNUCqCy0p6gzaUyXTaDp1cmDkRS8hDuPFV3LhQxK0Ld76N0zaitv4w8PGfczhzfjfkTIJpfmqZpeWV1bXsem5jc2t7R9/da8ggEoTWScAD0XKxpJz5tA4MOG2FgmLP5bTpji4n9eYtFZIFfg3GIXU8PPBZnxEMyurqhQ7QO4hrtp1czNC2K0nhG2s/eJV09bxZNKcyFsFKIY9SVbv6R6cXkMijPhCOpWxbZghOjAUwwmmS60SShpiM8IC2FfrYo9KJp0clxpFyekY/EOr5YEzd3xMx9qQce67q9DAM5XxtYv5Xa0fQP3di5ocRUJ/MFvUjbkBgTBIyekxQAnysABPB1F8NMsQCE1A55lQI1vzJi9AoFa2TYunmNF+upHFk0QE6RMfIQmeojK5RFdURQffoET2jF+1Be9JetbdZa0ZLZ/bRH2nvX4Uhnxs=</latexit>

SSB =

Pb
i=1 B

2
i

p
� CM

<latexit sha1_base64="YkcZyQn1OH4HOES9h20Mq811Xo4=">AAACGXicbVDLSsNAFJ3UV62vqEs3wSK4sSRV0E2htBs3QqX2AU0bJtNJO3TyYOZGLCG/4cZfceNCEZe68m+cPhbaemDgcM653LnHjTiTYJrfWmZldW19I7uZ29re2d3T9w+aMowFoQ0S8lC0XSwpZwFtAANO25Gg2Hc5bbmj6sRv3VMhWRjcwTiiXR8PAuYxgkFJjm7aQB8gqdcracn2BCaJLWO/5zoJK1lppVd0WJpE6dksVr1JHT1vFswpjGVizUkezVFz9E+7H5LYpwEQjqXsWGYE3QQLYITTNGfHkkaYjPCAdhQNsE9lN5lelhonSukbXijUC8CYqr8nEuxLOfZdlfQxDOWiNxH/8zoxeFfdhAVRDDQgs0VezA0IjUlNRp8JSoCPFcFEMPVXgwyx6gdUmTlVgrV48jJpFgvWeaF4e5EvV+Z1ZNEROkanyEKXqIyuUQ01EEGP6Bm9ojftSXvR3rWPWTSjzWcO0R9oXz93BaE0</latexit>

and SST =

Pp
j=1 T
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b
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<latexit sha1_base64="Cf3Yyudw/5Vst3ILk3i2nF1FgUE="></latexit>



ANOVA Table for Block Design
34

Source DoF SS MS F
Blocks b-1 SSB MSB=SSB/(b-1) MSB/MSE

Treatments p-1 SST MST=SST/(p-1) MST/MSE

Error n-b-p+1 SSE MSE=SSE/(n-p)

Total n-1 TSS

Notice we can ask about block and treatment effects



Tukey’s Honestly Significantly Different test

u ANOVA tells you there is a significant effect but not which pairs of 
treatments are producing the effect.

u This is a post-hoc test. So you use it if you have p-values that indicate the 
null hypothesis can be rejected in your ANOVA table.

u The HSD test looks at the pairwise difference in means divided by a proxy 
for the variance within the treatments.

u The test uses the q statistic which you can find values for in a table – or use 
MATLAB.

35

For more see Herv´e Abdi, Lynne J. Williams https://www.utdallas.edu/~herve/abdi-HSD2010-
pretty.pdf in In Neil Salkind (Ed.), Encyclopedia of Research Design. Thousand Oaks, CA: Sage. 2010

https://www.utdallas.edu/~herve/abdi-HSD2010-pretty.pdf


Tukey’s Honestly Significantly Different test
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47 48 49 50 51 52 53
No groups have population marginal means significantly different from X1=1

X1=2

X1=1

Click on the group you want to test

>> [p,t,stats] = anovan(y,{g1,g2,g3})

…

[c,m,h,nms] = multcompare(stats);



Cohen’s Effect Size

u A study of 14,000 children ages 6-17 showed a “highly significant” (p < 
.001) correlation of     r = .11) between height and IQ

u What does this p indicate?
u What’s the magnitude of this correlation? 

u Accounts for 1% of the variance
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Cohen’s Effect Size

u A study of 14,000 children ages 6-17 showed a “highly significant” (p < 
.001) correlation of  r = .11) between height and IQ

u What does this p indicate?
u What’s the magnitude of this correlation? 

u Accounts for 1% of the variance
u Based on an r this big, you’d expect that increasing a child’s height by 

4 feet would increase IQ by 30 points, and that increasing IQ by 233 
points would increase height by 4 inches (as a correlation, the 
predicted relationship could work in either direction)

38

The height-IQ correlation: Cohen 1990



Cohen’s Effect Size

u A study of 14,000 children ages 6-17 showed a “highly significant” (p < .001) 
correlation of  r = .11) between height and IQ

u What does this p indicate?
u What’s the magnitude of this correlation? 

u Accounts for 1% of the variance
u Based on an r this big, you’d expect that increasing a child’s height by 4 

feet would increase IQ by 30 points, and that increasing IQ by 233 points 
would increase height by 4 inches (as a correlation, the predicted 
relationship could work in either direction)

u The Effect Size does NOT tell us whether there is a real effect! P-value
does that.
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The height-IQ correlation: Cohen 1990



Cohen’s Effect Size

u To calculate Cohen’s effect size:

u For any two treatment groups, find treatment means, subtract 
them, and divide by the standard deviation

40

The height-IQ correlation: Cohen 1990



Cohen’s Effect Size Visual

u https://rpsychologist.com/d3/cohend/

41

https://rpsychologist.com/d3/cohend/
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Approximation algorithms for Bin 
Packing 

u Given a list of n weights drawn uniformly at random from the range (0,1), 
what is the expected asymptotic packing ratio (compared to optimal) of 
simple algorithms like First Fit, Best Fit, First Fit Decreasing, and Best Fit 
Decreasing? 

u A series of experiments by Jon Bentley and others suggested that all four 
are asymptotically optimal (which contradicted previous conjectures), 
and also revealed patterns that inspired the arguments used in the proofs 

On Experimental Algorithmics, An Interview with Catherine McGeoch and Bernard Moret
by Richard T. Snodgrass 



Dijkstra’s algorithm 

u Traditional worst case analysis of Dijkstra’s algorithm for the shortest paths 
problem shows that the decrease-key operation dominates, and much 
design work has gone into creating data structures (such as Fibonacci 
heaps) that reduce the worst case bound.

u Experiments by Andrew Goldberg et al. suggested that, for a large 
category of input graphs, the decrease-key operation is rare—a property 
which they went on to prove. 

u Those good-worst-case data structures optimized the wrong thing in many 
cases. 



Insufficiency of the RAM Model

u The simple RAM model does not predict computation times on modern 
machines with sufficient accuracy because it does not take the memory 
hierarchy into account. 

u Anthony LaMarca and Richard Ladner developed experiments to guide 
their design of a new two-level model of computation that captures the 
interactions between caches and main memory. 

u They reanalyzed classic algorithms (sorting) and data structures (heaps) 
under the new model; their analyses are much closer to experience, and 
in some cases flatly contradict conventional design wisdom based on 
traditional analyses. 



Insufficiency of the RAM Model

u The LaMarca and Ladner work was predated by a long and rich history of 
experimental and theoretical efforts—carried out by both the theory and 
the systems communities since around 1966—to develop two-level models 
of computation that describe algorithm performance in virtual memory 
systems. Peter Denning has a nice article that describes how theory and 
experiments contributed to develop our understanding of how locality of 
reference affects computation time [9]. A separate thread of research into 
cost models for I/O-bound computation has been equally fruitful. 


	Lecture6_Analysis_of_Variance_Part_1
	Lecture6_Analysis_of_Variance_Part_2

