Quotations of the day:

"A mathematician is a device for turning coffee intq theorems."
- Paul Erdos 1913-1996

"I have not failed. I've just found 10,000 ways that won't
work."

- Thomas Edison 1847-1931

"A little inaccuracy sometimes saves aton of explanation. "
- H. H. Munro (Saki) 1870-1916
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except he didn't say coffee...


Review:

Contrapositive

Vacuous Truth

Predicate (P(x), Q(X), etc)
Premise

Hypothesis




|nference Rules

o Definition:
— A sequence of statements connected by A
— The last statement Is the conclusion
— The other statements are the premises

o Vaid argument:
— If the premises are true, the conclusion is also true

— this must be the case for any particular set of
statements substituted for the variables in the
premises

o this substitution processis call instantiation



Anatomy of an Inference Rule

Sameas(pvg=pAgd=p

Major Premises PV {=0p

Minor Premisec  Q

Conclusion: - P

Variables: p and (, notethat g
ISapremise and avariable.

Definition: An inference rule of this form with two
premises followed by a conclusion is called a syllogism.



Some possible inference rules;

P=4 If stocks go up | make money.
q | have made money.

s P . Stocks have gone up.
Converse Error!
P=4 If | study | will pass the class.
~p | have not studied.

.~ . ' will not pass the class

Inverse Error!



Testing An Argument

e Isan argument valid or invalid? Onetestis.

— construct atruth table for the premises and the
conclusion

— find the critical rows -- those in which all of
the premises are true
— check the value of the conclusion in these rows

o if truefor al critical rows, the argument isVALID
» otherwisethe argument iIsINVALID



|nvalid Inference Rules. Converse Error.

P={ If stocks go down | lose money.
q | have lost money.

s P . Stocks have gone down.
Variables  [--------- Premises ---------- \ Conclusion

P g ( P=( P

T 7T T T T

T F F F T

F T T T (vacuous) F

F F F T (vacuous) F



Invalid Inference Rules: Inverse Error.

D= q If | study | will passthe class.
D | have not studied.

- ~q . | will not pass the class.
Variables /[--------- Premises ---------- \ Conclusion
P d =P P=( ~(q

T T - T F

T F F F T

F T T T (vacuous) F

F F T T (vacuous) T



Valid Inference Rules

Modus Ponens

Modus Tollens
Disunctive Addition
Conjunctive Addition
Conjunctive Simplification
Digunctive Syllogism
Hypothetical Syllogism
Contradiction Rule
Dilemma



M odus Ponens
(the method of affirming)

Arbitrary Form Instantiated Form
P=( If you tickle him, he will laugh.
P Heis being tickled.
- Q

. Helislaughing.



Valid Inference Rules. Modus Ponens

P=d If you tickle him, he will laugh.

P Heis being tickled.
S g _ _
le Is laughing.

P q p—> g |P g
T T T T T
T F F T F
F T T F T
F F T F F




Modus Tollens

(the method of denying)
Arbitrary Form Instantiated Form
P=4q If you build it, they will come.
A They did not come.

- P - You did not build it.



Valid Inference Rules: Modus Tollens
(Verifying the rule with Venn Diagrams)

Arbitrary Form Instantiated Form Structure
p=q Humansare mortal. Major Premise
~0 Zeusis not mortal. Minor Premise

o. ~p

s Zeusisnot human. Conclusion



Valid Inference Rules. Modus Tollens
(Verifying the rule with Venn Diagrams)

Major Premise

mortals

Human

beings

Minor Premise

o Zeus



Valid Inference Rules. Modus Tollens
(Verifying the rule with Venn Diagrams)

Combine the mgor and minor premise diagrams:

Thisisthe conclusion.

1) Isthere only one way mortals

to combine the premise
diagrams?

o Zeus
2) Does the combined
diagram match the
expected conclusion?



Practice Problems

 Use modus ponens or modus tollens to fill
In the blank

e |f you do not freeze, then | will shoot.
e You did not freeze.
e Therefore: | shot

e Uses Modus Ponens.



Practice Problems

 Use modus ponens or modus tollens to fill
In the blank

o |f they were unsure of the address, then they would
have telephoned.

* They did not telephone

* Therefore, they were sure of the address.

e Uses Modus Tollens.



Practice Problems

 Use modus ponens or modus tollens to fill
In the blank

o |f the moon is made of cheese, it Is Wednesday.
e The moon is made of cheese.

e Therefore: |t is Wednesday .

e Uses Modus Ponens.



Practice Problems

 Use modus ponens or modus tollens to fill

In the blank
o If sgrt(2) isrational, then sgrt(2) = a/b for some
Integers a and b.

e [tisnot truethat sgrt(2) = &b for some integers a
and b.

 Therefore, Srt(2) isnot rational

e Uses Modus Tollens.



Definition: A conjunction is another
way of saying “and” or “A.”

Definition: Disunction is another
way of saying “or” or “v.”



Disunctive Addition
(method of generalizing)

Arbitrary Form Instantiated Form

P He is being tickled.

- PV ~.Heisbeing tickled or heis sad
q Heis hungry.

- PV ~.Helishungry or heis Swiss



Conjunctive Addition

(Formalization of the definition)

Arbitrary Form Instantiated Form

0 Thedog issméelly.

9 The dog has no nose.
L PAQ

.. The dog has no nose and smells.



Conjunctive Simplification

(method of particularization)

Arbitrary Form Instantiated Form

PAQ Heis sad and heis eating.
P ~.Heissad.

PAQ He is hungry and he is Swiss.

-4 ~.Hels Swiss.



Digunctive Syllogism
(method of “ruling-out™)

Arbitrary Form Instantiated Form

pv(Q Helis sad or heis eating.
~q Heis not sad.

- P . Helseating.

Pv( Heishungry or heis Swiss.
~pq Heis not Swiss

~. Heishungry.



Valid Inference Rules. Digunctive Syllogism

pvqgqvr, It’s red, blue, or green.
- It's not green
PV 9 . It'sred or blue.

P g r P Vv q v ~ T P v (¢
T T T T F T
T T F T T T
T F T T F T
T F F T T T
F T T T F T
F T F T T T
= = T T = F
= = = F T F




Hypothetical Syllogism

(transitivity of implication (=) )

Arbitrary Form Instantiated Form

P=( If Henry is teething he will cry.

q=1T If Henry is crying he will not sleep.

L Pp=T ~. If Henry isteething he will not sleep.



Dilemma
(Greek, Di: “two”, lemma: “take”)
(Division into cases)

Arbitrary Form Instantiated Form
oV Q XIS positiveor x Isnegative.
D=1 If x ispositivethen x* > 0.
q=>r If x isnegativethen x* > 0.

T . X2>0.



Practice Problem

— Usevalid inference rules to create new premises
that imply the conclusion.

Al pvg=r F:DAC=~p (Modus Tollens)

B: sv~q G: F=>~pvq (Disunctive Addition)

C. ~w H: FAA=T (Modus Ponens)

D: p=w I:FAH=~pAr (Conjunctive Addition)

E: ~pAT = ~S JIAE=~S B (Modus Pon_ens)
K:JAB=~q (Digunctive Syllogism)

— Conclusion:

* Therefore, ~q



Problem

Where are my glasses?

A:

B:

If my glasses are on the kitchen table then | saw
them at breakfast.

| was reading the newspaper in the living room or |
was reading the newspaper in the kitchen.

If | was reading the newspaper in the living room
then my glasses are on the coffee table.

| did not see my glasses at breakfast.

If | was reading my book in bed then my glasses are
on the the bedside table.

If | was reading the newspaper in the kitchen, then
my glasses are on the kitchen table.



Solution

If my glasses are on the kitchen table then | saw them at breakfast.
| did not see my glasses at breakfast.
. My glasses are not on the kitchen table.

If | was reading the paper in the kitchen, then my glasses are on
the kitchen table.

My glasses are not on the kitchen table.

. | did not read the paper in the kitchen.

| was reading the paper in the living room or | was reading it in the
Kitchen.

| did not read the paper in the kitchen.

. | was reading the paper in the living room

If | was reading the paper in the living room then my glasses are on
the coffee table.

| was reading the paper in the living room.
. My glasses are on the coffee table.



Solution Symbolically -- The Form

— Let p be “my glasses are on the kitchen table”.
— Let gbe“|l saw my glasses at breakfast”.

— Letr be“l was reading the newspaper in the
Iving room”.

— Let sbe | was reading the newspaper in the
Kitchen”.

— Let w be “my glasses are on the coffee table’.
— Let ube®l was reading my book in bed”.

— Let v be“my glasses are on the bed table”.




Solution Symbolically Continued

A:

If my glasses are on the kitchen table then | saw
them at breakfast. P = Q

was reading the newspaper in the living room or
was reading the newspaper in the kitchen. rvs

f 1 was reading the newspaper in the living room
then my glasses are on the coffeetable. ' = W

| did not see my glasses at breakfast. ~(Q

If | was reading my book in bed then my glasses
areonthethebedsidetable. u=v

If | was reading the newspaper in the kitchen, then
my glasses are on the kitchen table. s— p



Solution Symbolically Continued

Using the formal representation we can deduce w:.

P=( S=p
P=(

~q P
'v S
r=w
~(Q rvs =W

~ I
u=v S

r W

S=p



Rule Of Contradiction

o Definition:
— If you can show that a supposition “the

statement p isfalse” leads to a contradiction,
then you can conclude the statement p Is true.

e Formally:
~p=cC (where c Is a contradiction)

~.p



Knights and Knaves

An island isinhabited by knights and knaves.

Knaves awayslie.
Knights always tell the truth.

Y ou have met two inhabitants (A and B) of the island:
A says. B isaknignht.

B says. A Is not the same as me.

What are A and B?



Solution

Suppose A isaKnight.

~. What A saysistrue. (By definition of Knight)
~. B isaso aknight. (A said so and A tellsthe truth)
. B tellsthe truth. (By definition of knight)

~. A and B are of oppositetypes. (B said so and B tells the truth)
... but thisis acontradiction!

If A isaknight (the supposition) then it logically followsthat B is
also aknight. And it also followsthat B is not the same type as A.

. The supposition is false. (By rule of contradiction)

~. Aisaknave. (By digunctive syllogism)

. B isnot aknight. (Since we know know A lies)
~. B isaknave (By digunctive syllogism)

. A and B are both knaves.



Vaid inferences with false conclusions;

e Example:

e |f John Lennon was arock star, then John Lennon
had red hair.

e John Lennon was arock star.
 Therefore, John Lennon had red hair.

— The conclusion is false because the premise is
IS an Incorrect statement.

— Theinferenceis still valid.



Invalid Argument With A True
Conclusion

o Example:
 If New York isabig city, then New York has tall
buildings.
* New York hastall buildings.
* Therefore, New York isabig city.

— The conclusion Is a correct statement.

— The way we got it uses an invalid argument
based on the common mistake called conver se
error.



Proofs



What 1s a Proof?

A proof Isaformal argument for the truth of some
Statement.

A proof is an algorithm for demonstrating the truth
of astatement and as such islike writing a
computer program.

A proof is a seguence of premises derived from
previous premises using valid inference rules.

The last premise in the proof is the conclusion and
ISwhat was to be proven.



Anatomy of a proof:

State the proposition to be proven as formally as possible.

Proof:
Inference  (Axiom, Inference Rule, or Definition used)

Inference  (Axiom, Inference Rule, or Definition used)

Q.E.Dor [



Direct Proof

Vx € Domain D, if P(x) then Q(X)
Suppose that x € D, and that P(x) is true.
We would like to show that Q(x) can be shown

from P(x).

We can use:
Definitions
Previous Proofs

Valid Inference Rules



Direct Proof 1

 |f the sum of two integersis even then so isthe
difference of those two integers.

Formally: Vx,y € Z, even(x +y) = even(x — )

Background Research:
Definition of even:

nisevenif dke Z>n=2k
Definition of odd:

nisoddif ke Z>n=2k +1



Direct Proof 1

 |f the sum of two integersis even then so isthe
difference of those two integers.

Formally: Vx,y € Z, even(x +y) = even(x — V)
Proof:

Let mand n be integers, such that m+ niseven.
m+ n=2kfor someinteger k  (By definition of even)

m=2k-n (Subtract n from both sides, algebra)
m-n=2k-2n (Subtract n from both sides, again)
m-n=2(k-n) (Factor out the two, arithmetic)

...butk-nisjust someinteger| (Integersclosed under subtraction)
m-n=2 (Substitute | for k - n, algebra)

By definition of even m- niseven sinceit hasthe form 2.

Q. E.D.



Direct Proof 2
e The sum of any two rational numbersis rational.

(Closure of rational number under addition)

Formally: Vx,ye Q, (x+y) e Q

Background Research:
Definition of rational number:

A rational number can be written as the quotient
of two integers.

Formally: Vx eQ,dabeZ >x=alb



Direct Proof 2

Formally: Vx,ye R, (x+y)e R
Proof:

Let mand n be rational numbers.

ng nzg (Definition of Rational)

a ¢ ad+cb
m+n:b+ =

(Arithmetic)

Let theinteger p=ad + bc (Integersare closed over arithmetic)
Let the integer g = bd (g isnon-zero since b and z are non-zero)

m+n:£, p,de ZAq#0 (Substitution)
q

m+ nisrational sinceit isaquotient of integers.

Q.E.D.



Proof by Counterexample

e Good for proving that a universal statement
Isfalse.

For exampl e:
Prove that the statement " For all real
numbersxand y, if x* = y* then x=y"
Isfalse.



Proof by Counterexample
Provethat : If x*isequal toy” x does

not necessarily equal v.
Formaly: ~Vx, ye R, (X’ = y*) = (x=)
Or:3x,ye R (X* = y?) A (X# V)

Proof by Counterexample:
Let mbethe real number 3

Let n be the real number -3
F=(-3)° ie 9=9
3#-3
Q.E.D.



|ndirect Proofs

e \WWhat are indirect proofs



Proof by Contradiction
Approach:

1) Negate the statement to be proved.

2) Derive acontradiction using the
negated statement.

3) Since the negated statement caused a
paradox the negated statement cannot
be true.

4) If the negated statement Is false then
the statement i1tsalf must be true.



Contradiction Proof 1

Provethat /2 isanirrational number

Stated Formally : Va, be z,%;«: J2

Negatetheformal expression:da,be Z 3 Z=\2



Contradiction Proof 1

Provethat \/E ISirrational.

Formally:Va,be Z, % #+/2

Proof by contradiction:

Suppose that J2isrational,i.e.3a,be Z 99 =42

-
J2= m , Wwhere mandn areintegersandhaveno
n

common factors (definition of rationalnumber)

m2

2=— (Square both sides, algebra)

n2

m>=2n° (Multiply both sidesby n®, algebra)
m”iseven (Since2n?isof theform 2k, wherek isaninteger)



Contradiction Proof 1

Provethat \/E ISirrational.

Formally:Va be Z, % #+/2
Proof by contradiction:

m>=2n° (Multiply both sidesby n®, algebra)
m”iseven (Since2n?®isof theform 2k, wherek isan integer)

Sincem’ iseven mmust alsobeeven  (Lemma)

m= 2k (Definition of even)
m* = (2k)? = 4k* =2n° (Substitution)
2k? =n? (Divide4k?® =2n° by 2)

2] =nandiseven (Thesguareroot of an even number iseven)



Contradiction Proof 1

Formally:Va,be Z, % #+/2
Proof by contradiction:

J2= m , where mandn areintegers and haveno
n

common factors (definitian of rational number)

2] =nandiseven (Thesquareroot of an even number iseven)

We know now that m and n are both even. Since they are both even
they share the factor 2. This contradicts our earlier premise.

Since this paradox was logically derived from the supposition that
sgrt(2) isrational we know that our supposition was wrong and that
sgrt(2) isirrational. (By rule of contradiction)

Q.E.D.



Fallacies

o Common mistakes we make:
* Using vague or ambiguous premises
e assuming what isto be proved
* jumping to conclusions
 begging the question

 Two othersthat ook like modus ponens and

modus tollens (again)

e converse error
— assuming a statement is the conver se of what is stated

* Inverse error
— assuming a statement is the inver se of what is stated



